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Circular motion

This is the motion of an object moving in a circular path with a uniform speed around a
fixed point O. consider a body moving from A to B in a small time At such that the radius
r, sweeps through a small angle A0 in radians
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Terminology in circular motion

Angular velocity, ®
This is the rate of the angle for an object moving in a circular path about in a circular path
about the center. S.1 units are rads™.

Period, T
Time taken to make one complete revolution

Distance

Time =
speed
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Frequency, f
This is the number of revolutions made in one second. The S.I units are hertz (Hz)

F=

:S:le'*]h—\

Centripetal acceleration (a)
This is the rate of change of velocity for a body moving in a circular path and it is directed
towards the center of that circular path.

2
v
a=—=rw?
s

2
Derivation of a = = or rw?

r
Consider an object moving with a constant speed, v, round a circle of radius, r.

In figure (i) below; at A, its velocity va is in direction of the tangent AC, a short time dt
later at B, its velocity vg is in the direction of tangent BD

Since their directions are different, the velocity vg is different from the velocity va
although their magnitude are both equal to v.

Thus a velocity change or acceleration has occurred from A to B

Vector diagram

R, Vo a
56\
Vo
. P
(i) velocity change (i)

Fig. 2: Acceleration in circle
The velocity change fromato B =vg —va 0Or vg + (-Va).

In figure 2(ii) above, PQ represents vg in magnitude (v) and direction BD; QR represents
-V in magnitude (v) and direction (CA).

Velocity change = vg + (-va) =PR

When 6t is small, the angle AOB or 46 is small;
Also angle PQR equal to 66 is small
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PR or acceleration then points toward O, the center of the circle.

_ velocity change _ PR __ v&0

56 time St E
but O and v =ro

2
Aa=10 X O =10

thus an object moving in a circle of radius r with a constant speed v has a constant
. 1.72 2
acceleration towards the center equal to —=Trw

Centripetal force
This is the force which keeps the body moving in a circular path and it is directed towards
the center of the circular path.

‘U2 2
F:ma:m7=mra)

Centrifugal force
This is the force acting on a body moving in a circular path.

Examples of circular motion

1. A conical circular pendulum

Consider a mass , m, attached to a string of length L moving around a horizontal circle
of radius, R, at a constant speed, v, and the string make an angle 6 with the vertical and
have a tension, P.

Resolving vertically

Pcosh =mg ..o (1)
Resolving horizontally

2
PSING = Mo e (ii)

Eqgn (i) and Eqn (ii)

tan 0 =——
rg

From the diagram
sin 6 = %, r=Lsin®
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cos 0=%,r=Lcos 0
Pcos 6 = mg

2
P= — = MLw? ..o, (iv)
Eqn (iii) and (iv)
mLo? =mot
w?=92
h
FromT =

0=

T
g _ [21‘:]2 _ 4m?
hoo LT T2

2 _ 4m?h

g
= |Eh :271:\/E
\/ g g
Example 1
A mass of 0.2kg is whirled in a horizontal circle of radius 0.5m by a string inclined at 300
to the vertical. Find
Q) The tension in the string
(i) The speed of the mass in the horizontal plane
(iii)  The length of the string
(iv)  The angular speed
Solution

T
T

() Resolving vertically
Pcos 8 =mg
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mg _ 02x9.81

= 2.2655N
cos @ cos 30

Tension P = 2.2655N
(i) Resolving vertically
2

Psin6 = mvT
Psin 6
'172 — resin
m
v = \/rPsinB - J(0.5x2.2655xsin 300 - 1.6828ms‘1
m 0.2
(i) From sinf ="
0.5
L=-= =1m
Slr1301 6828
(iv) From o= =-——=23265rads"

Example 2
A 30kg body is swirled in a horizontal circle as a conical pendulu by means of inelastic
string that has a breaking strength of 392N. when the speed of the body is 8ms™, the string
broke. Calculate

Q) The angle the string made at that instant.

(i) The length of the string.

Q) From Pcos 6 = mg
30 x 9.81
cos 0=
392

0=41.34

2
(i)  From Psin® = mUT
_ 30x8?
"~ 3925in41.340
But sin 0 ==
b
" sin41.34

=742

=11.23m

Example 3
A steel ball of mass 0.5kg is suspeneded from a light inelastic string of length 1m, the ball
is whirled in horizontal cirle of radis 0.5m. find

0] Centripetal force and tension in the string

(i) The angular speed of the ball

(i) The angle between the string and the radius of the circle is thetension in string

is 10N
Solution
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(i) From sinf = %
0 =sin™22=30°
From Pcos 6 = mg

Tension, P = 2% — 239815 geaN

cos @ cos 30

But, Psinf = F
F = 5.664 sin 30= 2.832N

2

.e _U_
(i)  tanB =i
v=/rgtan 6 = /[0.5x9.81 xtan30°] = 1.683

But, o =% = 222 — 3366rads™!
r 0.5

(iti))  From Pcos 6 =.mg

0.5x 9.81
cos g =——
10

0 =60.60
the required angle = 90 — 60.6 = 29.4°

Motion in verticle circle
Consider a body of mass, m, attached to a string of length, r, and whirled in a vertical circle
at constant velecity, v.

Sponsored by The Science Foundation College 0753 80 27 09 Join Now



r v T,

J,C
v? _ e
At A, mT—T1+ mg

T, = m?— mg
172
At B, T3:m7

AtC,T4:m"r—2+mg

From the above expressions, tension in the string is minimum aat the top of the circle and
maximum at the bottom of the circle. So the string is most likely to break when the body is
at the bottom of the circle.

Example 4

A mass of 0.4kg is rotated by a string at a constant speed, v, in a vertical circle of radius
1m. If the minimum tension in a string is 3N. calculate

Q) The velocity

(i) The maximum tension

(iii)  Tension when the string is just horizontal

Solution

2
Minimum tension, T, = m”T —mg

3= _04x981
v =4.16ms*

2
Maximum tension T = mUT +mg

2
=220 1041981
=10.85N
2 2
Tension when the string is horizontal T = m”T = 0“# = 6.92N
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Example 5
A particle of mass 5kg describes a complete vertical circle at the end of a light inextensible
string of length 2m. given that the speed of the particle is 5ms™ at the highest point. Find
Q) Speed at the lowest point
(i) Tension in the string when it is horizontal
(iii)) ~ Magnitude of centripetal acceleration when the string is horizontal
Solution

T

mv?, B
Do i 0
mg T,
\LC
mg

(i) Mechanical energy at A = m? +mg
r=2m, m=5kg, v=5ms™

Mechanical energy at A = %x 5x5%+5x9.81x4=258.7]

2
Mechanical energy at C = m% +mg = %x 5xv2+5x9.81x0=25v"]
But from the principle of conservation of energy mechanical energy

Mechanism energy at A = mechanical energy at C
258.7 = 2.5V
v =10.2ms™.

2 2
(i) Mechanical advantage at B, = m=+mgh = 5x = +5x9.81 x 2 = 258.7
v =8ms
2 2
tensionat B=m>-=5x 8? =160N
172

(i) Froma=2=% =32ms*

Example 6
A particle of mass m describes a complete vertical inextensible string of length, r, given
that the speed at the lowest point is twice the speed at highest point. Show

M The speed of the particle at the lowest point is = v= 4\/%.

mg

(i) The tension in the string when the particle is at the highest point, T = Y
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[ T,
mg
1€
mg
2
0] Mechanical energy at A = mechanical energy at B = m”T +mg
Let the speedat A=u
ThespeedatC =2u
2 2
= mu?+mg.2r =m(2120 +mgx0
u® + 4gr = 4vu?
3u’ = 4gr
u=2 |&
.
At the lowest point velocity = 2u = 4\/%.
2 —
(i)  Tension at the highest point = m’% —mg= 4':% —mg = w = %
Exercise
1. An object of mass 0.kg on the end of a string is whirled around in a horizontal

2.

3.

circle of radius 2m, with a constant speed of 10ms™. Find its angular velocity and
the tension in the string [Ans. © = 5rads™, T = 25.5N)

A small ball of mass 0.1kg is suspended by an inextensible string of length 0.5m
and is caused to rotate in a horizontal circle of radius 0.4m. find

(1 The tension in the string [Ans. 1.3N]

(i)  The period of rotation [ans. 1.25]

A pendulum bob of mass 0.2kg is attached to one end of an inelastic string of
length 1.2m. the bob moves in a horizontal circle with the string inclined at 30° to
the vertical. Calculate

0] Tension in the string [Ans. 2.27N]

(i) The period of motion [Ans. 2.02s]

The period of oscillation of a conical pendulum is 2.0s. if the string makes an
angle 60° to the vertical at the point of suspension, calculate the

M vertical height of the point of suspension above the circle [ h =0.994m]

(i) length of the string [ L= 1.99m]

(iii)  velocity of mass attached to the string. [v = 5.41ms™]
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Application of circular motion
(i) motion of the car around a circular level track (unbanked track)

(a) Overturning and toppling
Consider a car negotiating a bond on a level track. For a circular motion, the
friction F1 and F2 provide the centripetal force.

S R
A‘ I~
G
AN /R— i
d d h
4R 4R
/ //////FV////// D O
1 ~
mg °

Let 2a = the distance between the tyres,
h = height of the center of gravity of the car above the ground.
mg = weight of the car.
S and R = normal reaction on the tyres from the ground

Then,
2
Fit Fo S Mo (i)

Since the car does not move off the road, the sum upward force is equal to the sum
of downward forces
RS =mg o (i1)
Taking moments about G
Sa+ Fih + F2h = Ra
h(Fi+ F;) = a(R -S)
Substituting F1+ F2 from Eqn (i)

m™Z h = a(R-S)

(R-S) =M™ x 2 (i)
Eqn. (ii) + Eqgn. (iii)
2R =mg + mmTvz x 2

R=3 (9+ 1)

a

Eqn. (ii) — Eqn. (iii)
2S=mg - mmTvz x 2

_m v?
5= (9-%h)
If S=0, then the car is just about to topple/overturn

a

Eithergz 0
or (g - gh) =0
'UZ
g=—h
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_ gra
Butv = -

gra

A car topples when v >

Condition for overturning/toppling
(1) The center of gravity of the car is high
(i) If the bend is sharp
(i)~ When the distance between the tyres is small

(b) Sliding/ slipping/skidding
A vehicle skid when the available centripetal force is not enough to balance the
centrifugal force. The vehicle fails to negotiate the curve and goes off the track outwards.

Consider a vehicle of mass, m, taking unbanked curve of radius, r, at speed, v.

R1 R2
4 T
Centre «— J ———my?
< r
M IR
R £ 7T
1 02
mg

2
Fi+F,= mT
ButF; = },LRl and F, = },LRz
2
puR1 + pRo = mUT
2
Ry +Ry) =m=

v2
pmg = m-—
172
Hg =
V2 =pgr
v = /ugr ( this the maximum velocity for which the vehicle does not skid/slip

A vehicle skid/ slips when v >, /ugr

Conditions that lead to skidding
M Sharp bends
(i) Slippery roads
(iii)  Very high speed

Example 6

A car goes around unbanked curve at 15ms™, the radius of the curve is 60m. Find the least
coefficient of kinetic friction that will allow the car to negotiate the curve without
skidding.
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Solution

v? 152
pu=

E = (60 x 9.81) =038

Motion of a car round a banked inclined track

Angle of banking
Consider car negotiating a bend inclined at an angle 0 to the horizontal. It is assumed that
there is no tendency to slip at the wheels, therefore no frictional forces.

Resolving horizontally
2

Rusin® + Rosinf =m= ..., @)
Resolving vertically
R1cosO + RocosO=mg ......ccvviiiiiiiiiin.. (i1)

Eqn (i) + Eqn (ii)

v2
Ry Sin0+R,sinb _ m T/
R4 cos0+R,cosf mg

2

v
tan 0 = —
rg

vZ =rgtan 0

v=,rgtan
Example 7

(@) A bend on a level road form a circular arc of radius 54m. Find the highest speed at
which the car can travel around the bend without slipping occurring. If the coefficient
of friction between the car tyres and the road surface is 0.3

(b) A car of mass 400kg turns a corner at 40kmhr™ without skidding but at 50kmh™, it
skids off. If the corner forms an arc of radius 20m. Find the values between which the
coefficient of friction between the wheels and the road surface lies.

Solution
(@) R=54m, pn=0.3

Fromv = ./ugr

v=,/(0.3x9.81 x 54 12.60ms™
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(b) Case (i)
Vmax = 40kmhr* =

40 x1000 _ 100 -1

3600 9
r =20m, m = 400kg
Fromv = ,/ugr
. [
_v 9 —
M=~ 20x981 0.629
Case (ii)
Vmax = 50kmhr ™t = 2221990 _ 128, o1
3600 9
Fromv = ,/ugr
N
p=—=—+21_-00983

rg 20x9.81
Therefore, 0.629 < u < 0.983

Example 8
A car of mass 300kg travels at 200kmhr™ round unbanked curve of radius 200m.
(1) What is the minimum coefficient of sliding friction between the road and the tyres
that will permit the car to negotiate the curve without skidding?
(it) At what angle would the road be banked if there were no friction between the tyres
and the road surface?
Solution

2

- -
(1) Fromp= ~

v = 100kmhr 10= ?ms-l

25072

—T =
K= Z00xos1 0.393

From 0 = tan™ [g]

()

200 x 9.81

0=tan! [ l =21.5°

(i) Note that , all roads are banked and there is friction between the tyres and the
road surface. The necessary centripetal force is provided by the horizontal
component of normal reaction and friction force. There are two cases

Case (i) when the speed is maximum
X

,63
8
& mg
0
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Resolving horizontally
2

RsinO + FcosO = m%
But F =pR

2
Rsin® + pRcosO = mvT ........................

Resolving vertically
RcosO -Fsin = mg

Rsin® —pRsin@=mg ..........................

Eqn (i) + Eqn (ii)

v
Rsin® + uRcos® _ M ?/ _ v?
Rsin® - puRsin® mg rg

Dividing through by Rcosf

tan6+p _ v?
1-utané - rg

vV = rg (tan 0+ u)
B 1-utané@)
Case (ii) When the speed is minimum

X
S

\-‘?/
QO
& mg
0

Resolving horizontally

2
Rsind - FcosO = mUT

But F =pR

2
Rsin® - pRcosh = mUT .........................

Resolving vertically
Rcos +Fsinf = mg

Rsin® + puRsin@=mg .......................l.

Eqn (i) + Eqn (ii)
2

RsinB— uRcosf _ mvT/ _ v?

oIV~ HRCOsY mg =

RsinO+ puRsind B E

Dividing through by Rcosf
tanf-p _ v?

1+utané rg

v = rg (tanf6— )
B 1+putan @)
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