
DIFFERENTIATION 1 
DIFFERENTIATION FROM FIRST PRINCIPLES: 
 
Examples : 
Differentiate the following functions from first principles. 
(a) 2xy   

DIFFERENTIATION RULES: 
For any integer n 1 then , if  nn nx

dx

dy
xy .  

In words we can say “multiply by the power and reduce 
the power by 1” 
General rules: 
If ,kuy  where k is a constant and u is a function of x, then 

.
dx

du
k

dx

dy
  

If ,vuy   where u and v are functions of x, then .
dx

dv

dx

du

dx

dy
  

GRADIENT OF A CURVE AT A POINT: 
1. The gradient of a curve baxxy  2  at the point (2,6) 

is 7. Find the values of a and b. 
(3,-4) 

2. The gradient of the curve  22 xbaxy   at the point 

 25,21  is -6. Find the values of a and b.   21,2 . 

3. Find the gradient of the curve 272  xxy  at the 

point (2,16)     11  
4. Find the points on the curve 1063 23  xxxy  where the 

gradient is 3. )12,1(),8,3(   
 



 
TANGENTS  AND NORMALS: 

1. Find the equation of tangent and normal to the 
curve 142  xxy  at the point (-2,13). 

 1068,038  xyxy  
2. Find the equation of tangent and normal  to the 

curve 323  xxy at (0,-3).  
 62,032  xyxy  

3. Find the coordinates of the point on the curve 
362  xxy  where the tangent is parallel to the line 

.32  xy     5,4   
4. Find the equation of tangent  to the curve 

8209 23  xxxy  at the point (1,4). At what points on 
the curve is the tangent parallel to the line ?034  xy  

 8,4 and )4,2(,15  xy  
5. Find the coordinates of the point on the curve 2xxy   

where the tangent is parallel to the line .032  xy   
  163,43  

6.  
7. Find the coordinates of the point on the curve 

1093 2  xxy  where the normal is parallel to the line 
.043  xy    4,1  

8. T is a tangent to the curve 462  xxy  at (1,3)  and N is 
the normal to the curve  1862  xxy  at (4,10). Find the 
coordinates of the point of intersection of T and N.
 (2,11) 



9. The tangent to the curve  
2
12 ,1at  2 bxaxy  is parallel to 

the normal to the curve   2,2at  1062  xxy . Find the 
values of a and b.  25,1  

 
SECOND DERIVATIVE OF A FUNCTION: 
 
 
STATIONARY AND TURNING POINTS OF A CURVE: 

1. The curve baxxy  23  has a minimum point at (4,-

11). Find the coordinates of the maximum point on 
the curve. (0,21) 

2. Given that the curve rqxpxxy  23  passes through 

the point (1,1) and has turning points where 
,3 and  1  xx  find the values of . and , rqp  (-3,-9,12) 

3. Find the coordinates of any stationary points on the 
curve xxxy 42 23   and distinguish between these 
points.  max ),(

27
40

3
2  min )8,2(   

4. Determine the turning points and their nature of 
those points on the curve 201263 23  xxxy  min(2,-
4), max  4.24,

3
2  

 
 
CURVE SKETCHING: 

1. Sketch the graph of 22 xxy  . 

2. Sketch the curve of .96 23 xxxy   

3. Sketch the curve    331  xxy  



4. The curve cbxaxxy  24  passes through the point (-

1,16) and at that point .16
2

2


dx

dy

dx

yd  Find the 

values of a,b,c and sketch the curve. (2,-8,5) 
5. Sketch the curve 545 xxy  . 

6. Show that the curve 463 23  xxxy  has one point of 

inflexion and find the gradient of the curve at this 
point. Sketch the curve. (1,0) , 3. 

7. Find the coordinates of any stationary points on the 
curve 34 2xxy   and distinguish between them. Hence 
sketch the curve.  min ),(

16
27

2
3   inflexion  0,0 . 

8. Find the coordinates of any stationary points on the 
curve 56 125 xxy   and distinguish between them. 
Hence sketch the curve.  min(2,-64), inflexion(0,0) 

9. Find the coordinates and nature of any turning 
points on the curve 693 23  xxxy . Hence sketch the 
curve.  min(1,1), max(-3,33). 

 
 
COMPOSITE FUNCTIONS: 

1. Find  512 if  xy
dx

dy    51210 x  

2. Find 
3

2

1
1 if 










x
y

dx

dy   









23

1
1

3

xx
 

3. Differentiate 
31

1

x
   

 23

2

1

3

x

x


  



4. Find   





3132 11 if xy

dx

dy  
  








3232

22

11

)1(2

x

xx  

5. Find 
dx

dy  if  42 23  xy    32 2324 xx  

6. Find 
dx

dy  if 
 2

1

2 


x
y   

  232 2



x

x  

7. Find 
dx

dy  if  (a)  63 74 xxy   (b)  225 xxy   (c) 
xx

y
43

1
3 

  

(a) )712()74(6 253  xxx  (b)
 2252

45

xx

x



  (c)
 23

2

43

94

xx

x



  

8. Find the equation of the tangent and normal to the 
curve 

3

5
2 


x

y  at the point (2,5). 

 9820,4520  xyxy  
9. Find the gradient of the curve  32 12  xy  at the point 

where 1x . Hence find the equation of the tangent 
to the curve at this point.  01112,12  yx  

10. Find the turning points on the curve  45 xxy   and 
determine their nature. Sketch the curve. 
 (1,256) max , (5,0) min. 

11. Find any turning point on the curve  524 2  xx  
and show that the x-axis is an asymptote to the 
curve. Hence sketch the curve. )1,1(  max. 

12. Find the coordinates of any stationary points on 
the curve  413  xy  and state the nature of any such 
points. min  0,

3
1  

 
PRODUCT AND QUOTIENTS: 



1. Find 
dx

dy  if   74 52  xxy       xxx 14207 46   

2. Differentiate the following with respect to x: 
(a)  43 xxy  (b)    43

112  xxy  
(a)   )35(3

3
 xx   (b)      171122

32
 xxx  

3. Differentiate the following with respect to x: 
(a)  543 3 xxy    (b)  32  xxy  

(a)   442 2393 xxx    (b)  
 32

125





x

xx  

4. Find    4
32 131 if  xxy

dx

dy         251316 2322  xxxx  

5. Find    14 if 2  xxy
dx

dy        1/142 22  xxx  

6. Find 
1

 if 



x

x
y

dx

dy      
 21

1

x
 

7. Differentiate the following with respect to x: 
(a)

8

1
2 




x

x
y  (b)

 12

34






x

x
y  

(a)   

 22 8

24





x

xx   (b) 
  23

12

74





x

x  

8. Differentiate the following with respect to x: (a) 

x

x
y

51

32




  (b)  

 3

4

25

13






x

x
y  

(a) 
 251

17

x
  (b)  

 
 135

25

133
4

3





x

x

x  

9. Find 
1

1
 if 

2 




x

x
y

dx

dy     
    23221

2

112

21





xx

xx  

10. If ,
2

6




x

x
y  find the values of 

2

2

 and 
dx

yd

dx

dy  when .4x  

11. Find the maximum and minimum values of the 
function 

4

4
2 


x

x
y . (-2,-1)min, (2,1)max. 

 



IMPLICIT FUNCTIONS: 
1. Given that     ,121

22
 yx find .

dx

dy   
2

1






y

x  

2. Find the gradient of the curve 233 4yyx   at the point 
(2,2).   3  

3. Find .1 if 323  xxyy
dx

dy     
xyy

yx

23

3
2

22



  

4. If ,7333  xxy  show that  .022

2

2

2
2 








 x

dx

dy
y

dx

yd
y  

5. Find the equation of tangent to the curve 
222 22  xyxyx  at the point (-4,1). 

6. Find the equation of the tangent to the curve 
  21 2  xyx  at the point (-2,2). 

)1434(  xy  

7. If .1 that  prove ,1

2

2

2
22 










dx

dy

dx

yd
yyx  

8. If ,222 xxyy   prove that   .02

2

2

2











dx

dy

dx

dy

dx

yd
yx  

9. Given that ;)()( 2yxyx  prove  that 
122

2
1




yxdx

dy . Hence 

or otherwise , prove that 
3

2

2

1 









dx

dy

dx

yd . 

10. Prove that if  ,23 2  xy  then .3

2

2

2











dx

dy

dx

yd
y  

11. Find the values of 
2

2

 and 
dx

yd

dx

dy  at the point (1,3) on 

the curve .43 22 yyx    12,3   

12. If ,222 yyx  prove that 
 32

2

1

1

ydx

yd


 . 

13. Find 
dx

dy  in terms of x and y:  (a) 23 6 xxy     (b) 

32 23 xxyyy   



23

2
)(

y

yx
a

   (b) 
26

3 2





yx

yx  

14. Find the equation of tangent and normal to the 
curve 01223 22  yxyx  at the point (2,3).
  55149,24914  xyxy . 

 
 
 
APPLICATIONS OF MAXIMUM AND MINIMUM 

1. A carton of volume Vm3 is made from a piece of 
cardboard as shown below. If the area of cardboard 
used is 6m3, find expressions for h and V in terms of 
x and the value of x which produces a box of 
maximum volume.  .1,1  Vx  

2. 1000m of fencing is to be used to make a rectangular 
enclosure. Find the greatest possible area and 
corresponding dimensions.   26500,250 mAmwl   

3. A company that manufactures dog food wishes to 
pack the food in  closed cylindrical tins. What should 
be the dimensions of each tin if each is to  have a 
volume of 3128 cm  and the minimum possible area. 
 cmhcmr 8,4  . 

4. A lump of modeling clay of volume 72cm3 is moulded 
into the shape of a cuboid with edges of length x 
cm,2x cm and y cm. Find the minimum surface area 
of this cuboid. (108 cm2) 



5. A closed hollow right circular cone has internal 
height a and the internal radius of its base is also a. A 
solid circular cylinder of height h just fits inside the 
cone with the axis of the cylinder lying  along the 
axis of the cone. Show that the volume of the 
cylinder is  2hahV  . If a is fixed , but h may vary, find 
h in terms of a when V is a maximum.  a

3
1  

6. A right circular cylinder of height 2h is contained in a 
sphere of radius R, the circular edges of the cylinder 
touching the sphere. The volumes of the cylinder 
and the sphere are denoted by V and W respectively. 
Express V in terms of R and h. By finding the 
maximum value of V, as h varies, show that 31WV . 
  222 hRhV    

7. A right circular cylinder is of radius r cm and height 
pr cm. The total surface area of the cylinder is S cm2 
and its volume V cm3. Find an expression for V in 
terms of p and S. If the value of S is fixed, find the 

value of p for which V is a maximum. 
 

2;
18

3

23















 p

pS


 

8. A piece of wire 80cm in length is cut into three parts 
, two of which are bent into equal circles and the 
third into a square. Find the radius of the circles if 
the sum of the enclosed areas is a minimum. 
   2/20   



9. A right pyramid having a square base is inscribed in a 
sphere of radius R, all vertices of the pyramid lying 
on the sphere. The height of the pyramid is x; show 
that the four vertices  forming the  base of the 
pyramid lie on a circle of radius r, where 

.2 22 xRxr  Hence or otherwise, show that the volume 
V, of the pyramid is given by the formula  xRxV  22

3
2 . 

If R is fixed but x may vary, find the greatest possible 
value of V. 3

81

64
R . 

10. A cylinder of volume V is to be cut from  a solid 
sphere  of radius R. Prove that the maximum  value 

of V is 
33

4 3R . 

11. Find the height of a right circular cylinder of 
greatest volume which can be cut from a sphere of 
radius a.  

3

2a  

12. A hemispherical bowl of radius a cm is initially 
full of water. The water runs out of a small hole at 
the bottom of the bowl at a constant rate which is 
such that it would empty the bowl in 24s.Given that , 
when the depth of the water is   ;3 32

3
1 cmxax  prove that 

the depth is decreasing at a rate of   -13 cms 236 xaxa  . 
Find after what time the depth of water is ,

2
1 acm  and 

the rate at which the water level is then decreasing.
  -1cms 27,5.16 as  



13. A square of side xcm is cut from each of the 
corners of a rectangular piece of cardboard 15cm by 
24cm. The cardboard is then folded to form an open 
box of depth xcm. Show that the volume of the box 
is   .360784 323 cmxxx  Find the value of x for which the 
volume is a maximum. 

(3) 
 
 
RATES OF CHANGE: 

1. A piece of paper is burning round the circumference 
of a circular hole. After t seconds, the radius rcm of 
the hole is increasing at the rate 0.5cms-1. Find the 
rate at which the area A cm2, of the hole is 
increasing when r = 5.   125 scm  

2. Water is being poured into a conical vessel at a rate 
of 10cm3s-1. After t seconds, the volume Vcm3, of 
water in the vessel is given by ;3

6
1 xV   where x cm is 

the depth of water. Find, in terms of x, the rate at 
which water is rising.    1220 cmsx  

3. Water runs into a conical vessel fixed with its vertex 
downwards at the rate of 133 scm , filling the vessel to 
a depth of 15cm in a time of one minute. Find the 
rate at which the depth of water in the vessel is 
increasing when the water has been running for 7.5 
seconds.   1

3
1 cms  



4. A large container in the shape of a right circular cone 
of height 10m and base radius 1m is catching the 
drips from a tap leaking at the rate of 0.1m3 per 
minute. Find the rate at which the surface area is 
increasing when the water is half way up the cone.
  12 min04.0 m  

5. Suppose the volume of the cylinder disc is 354 m , what 
will the dimensions of the cylinder if the surface area 
is minimum.     mhmr 6,3   

6. If the radius of a sphere is increasing at 12 cms , find 
the rate at which the volume of the sphere is 
increasing  when the radius is 3cm.    1372 scm  

7. Water is pumped in an empty trough which is 200cm 
long , at the rate of 133000 cms .The uniform cross-
section of the trough is an isosceles trapezium  with 
hypotenuse 50cm, short side 80cm and long side 
140cm. Find the rate at which the depth of the water 
is increasing when the depth is 20cm.    
   1

2
3 cms  

8. When the radius of sphere is 21cm, the radius is 
increasing at a rate of 101.0 cms , find the rate at which 
the surface area  and volume are increasing at this 
point.  722  

 32 44.55,28.5 cmcm  
9. A hollow right circular cone has base  radius 4m and 

vertical height 20m. It is held upside down with its 



axis vertical. It contains water which is being  added 
at a constant rate of 1.5m3 per minute and which 
leaks away through a small hole in vertex at a 
constant rate of 2m3 per minute. At what rate is the 
depth of water changing when the depth is 12m?
  1min03.0 m  

10. A container is in the shape of a cone of semi-
vertical angle 300, with its vertex downwards . Liquid 

flows into the container at the rate of 13

4

3 scm . At the 

instant when the radius of the circular surface of the 
liquid is 5cm,find the rate of increase in 
(a) the radius of the circular surface of the liquid.

  101.0 cms  
(b) the area of the circular surface of the liquid. 

  121.0 scm  
 
SMALL CHANGES AND ERRORS: 

1. In an experiment , the diameter xcm of a sphere is 
measured and volume Vcm3, calculated using the 
formula .3

6
1 xV  If the diameter is found to be 10cm 

with a possible error of 0.1cm, estimate the possible 
error in the volume calculated from this reading. 
  35 cm  

2. Suppose the error in measuring the radius of a circle 
is 0.02,find the percentage error made in measuring 
the area of circle.     %4  



3. If ,32 2 xxy   find the approximate change  in y when x 
increases from 6 to 6.02. (0.042) 

4. In calculating the area of a circle, it is known that an 
error of %3  could have been made in the 
measurement of the radius. Find the possible 
percentage error in the area. %)6(  

5. The time T seconds taken for one  complete swing of 
a pendulum , length ,lm is given by 

g
lT 2  where g is a 

constant. If a 1% error is made in measuring the 
length of a pendulum, estimate the percentage error 
in the value of T.      %5.0  

6. Find an approximate value for 3 .1003      
  01.10  

7. Find an approximate value for  08.16     

 (4.01) 
8. Find an approximate value of  101      

 (10.05) 
9. Find the cube root of 08.64        

 (4.001) 
DIFFERENTIATION OF TRIGONOMETRIC FUNCTIONS: 

1. Differentiate (a) x3sin  (b)  x34cos    (c) 0sin x  
  02 cos

180
,34sin3,cossin3 xxxx


  

2. Differentiate  (a) xy 2sin  (b) xxcos3sin  (c) 
x

x

6

5cos3

 (d) 

xx 3tan3  
(a) x2sin  (b) xxxx sin3sincos3cos3    



(c) )5cos5sin15(
6

5cos
2

2

xxx
x

x


  (d)  xxxx 22 sec3tan3   

3. Find 
dx

dy  if (a) xy 4sin  (b)  1cos 3  xy  

(a) x4cos4   (b)  1sin3 32  xx  
4. Find 

dx

dy if  (a) xy 5tan  (b) xy 3sec  

  xxxx tansec3,sectan5 324  
5. Find 

dx

dy if  123cot 24  xxy       123cos123cot138 2223  xxecxxx  

6. Find 
dx

dy  if (a) xxy 3cossin2   (b)
x

x
y

6

3sin4

  

(a)  xxxxx 3sinsin3cos3cos2sin   

 (b)  xx
x

x
3sin3cos12

6

3sin
2

3

  

7. Find 
dx

dy  if  (a) xxy sin2  (b) xxxy cossin  

(a) xxxx cossin2 2  (b)  xxxxx 22 sincoscossin   

8. Find 
dx

dy  when  (a) 
x

x
y

sin
  (b)

x

x

sin1

sin1



  (c) 
xx

xx

cossin

cossin



  

(a)
2

sincos

x

xxx   (b)
 2sin1

cos2

x

x


 (c) 

 2cossin

2

xx 
 

9. Find 
dx

d  for (a) 
x

x

tan
 (b)

x

x

tan1

sin


 (c) 

x

x
2

2

sin1

sin1



   

(d) xx 3sinsin3  

(a) xecxx 2coscot    (b) 
 2

33

cossin

sincos

xx

xx



  (c) xx tansec4 2  

(d) xx 4sinsin3 2  

10. If xy sin1 , show that )sin1(
2
1 x

dx

dy
 . 

11. If ,
sin1

sin1














x

x
y show that 

xdx

dy

sin1

1


  

 



12. Find the maximum and minimum value(s) of the 
function xxxf 2cossin2)(   for  x0 . max    

2
3

6
5

2
3

6
,,,   

min  1,
2
  

13. If xy
dx

dy
xxy 2sec that show ,2sec2tan2  . State any 

assumption made. 

14. If ,
sin

x

x
y  prove that .02

2

2

 xy
dx

dy

dx

yd
x  

 
DIFFERENTIATION OF INVERSE TRIGONOMETRIC 
FUNCTIONS: 

1. Find 
dx

dy  if  13sin 1   xy .   
 296

3

xx 
 

2. Differentiate : (a) x1sin  (b) x1cos  (c) x1tan  
(a) 

 21

1

x
  (b)

 21

1

x
  (c) 

21

1

x
 

3. Differentiate : (a) 












2

1

1

2
tan

x

x  (b) 


















2

2
1

1

1
cos

x

x  

 
DIFFERENTIANTING EXPONENTIAL FUNCTIONS: 

1. Find  
dx

dy when 23xey     236 xxe  

2. Differentiate: (a) xe x 3sin2  (b)
2xe  

(a) )333sin2(2 xcoxe x    (b)
2

2 xxe  

3. Differentiate 12 xe  with respect to x.  12

2 xxe  
4. Sketch the curve xexy  2 . 

5. If ,sin xey x show that .022
2

2

 y
dx

dy

dx

yd  

6. If ,sin xyex  show that 022
2

2

 y
dx

dy

dx

yd . 



7. If xexy cos ,show that .02tan2
2

2

 y
dx

dy
x

dx

yd  

8. If ,sin2sin xy   show that .01cot

2

2

2











dx

dy

dx

yd
y  

9. A particle moves in a straight line  so that after t 
seconds its distance from a fixed point O is s metres, 
where tets  22 .Find the distance of the particle  from 
O when it first comes to rest and its acceleration at 
that point.  )2,4( 2 msm  

10. Find the values of x for which the function 
  xexx 22 12   has maximum or minimum values , 
distinguish between them.  
 max  ,1x min  2x . 

11. If ,xxey  show that .02
2

2

 y
dx

dy

dx

yd  

12. If ,sin xey x  show that  
22

2

sin2  xe
dx

yd x  

13. If ,4cos2 xey x prove that .0204
2

2

 y
dx

dy

dx

yd  

14. Show that xe x ln  and that 2ln2   xe x . 
 

 
DIFFERENTIATION OF LOGARITHMIC FUNCTIONS: 

1. Solve the equation .032  xx ee    3ln  
2. Differentiate (a) xsecln  (b) xx ln2  (c) )1(ln xx  

(a) xcosln  (b) )ln21( xx   (c) xln  

3. Differentiate  1ln 2 x     
1

2
2 x

x . 



4. Differentiate (a) 
1

1
ln

2

2





x

x  (b)  1ln 2  xx  

(a)
1

2
4 x

x  (b)
1

1

2 x
 

5. Differentiate (a) 













1
ln

2x

x  (b)  1ln xx  (c)
  















2

1
ln

x

x  

(a)
)1(

1
2 xx

 (b)
)1(2

23





xx

x  (c) 
)1(

1

xx

x



  

6. Differentiate (a) )tanln(sec xx   (b) 












xx

xx

cossin

cossin
ln  

(a) xsec  (b) x2sec2  

7. Differentiate (a)
x

x





1

1
ln  (b)  1ln 2 xx  (c)

1

)1(
ln

2





x

x  

(a)
1

1
2 x

 (b)
)1(

12
2

2





xx

x  (c) 
 12

53
2 



x

x  

8. Differentiate (a) yx ln  (b) xy ln  (c)
2

ln

x

x  (d)
x

x

ln
 

(a)
dx

dy

y

x
y ln  (b) x

dx

dy

x

y
ln  (c)

3

ln21

x

x  (d)
2)(ln

1ln

x

x   

9. If ,
31

12
ln 














x

x
y find 

dx

dy    
)31)(12(

5

xx 
 

10. Differentiate x2 with respect to x.   2ln2x  
11. If 

 
,

22 


x

x
y find 

dx

dy    
  232 2

2





x

 

12. Sketch the curve x
x

y ln
1

 . 

13. If  ,5ln 2  xy show that .2

2

2

2
ye

dx

dy

dx

yd 







  

14. If  xxy tanln2sin , show that .2cot44
2

2

xy
dx

yd
  



15. If ,lntan 2xy   show that y
dx

dy
x 2cos2 . Hence show that 

  0cos2sin212 2

2

2
2  yy

dx

yd
x  

16. Show that if ,3cos4 xey x then 
2

2

dx

yd  can be expressed 

in the form  xe x 3cos25 4 . Give the value of .tan  
17. If ,12sin)( 5 xexf x  show that   xexf x 12sin13)( 5  

where 512tan  . 

18. If ,3cos4 xey x prove that 0258
2

2

 y
dx

dy

dx

yd . 

19. If ,4sin3 xey x show that 0256
2

2

 y
dx

dy

dx

yd . 

20. If ,tan 1 xxy  show that   .2221
2

2
2  y

dx

dy
x

dx

yd
x  

21. Find 
dx

dy  if 













x

x
y

cos34

cos43
ln  













)cos34)(cos43(

sin7

xx

x  

22. Differentiate (a) xxsin  (b)  xxsin  (c) xx y sin  
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23. If tex   and ,sin ty  show that 0
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24. Given that  ,sin1ln xy  prove that .0
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